The problem of the penetration a rigid body into a plastic medium is a classical problem of the mechanics of solids. The study of the penetration process is a difficult mathematical problem that requires complicated computer simulations. The article contains a relatively simple mathematical solution for the penetration of a plane punch into a plastic medium. Key point of the investigation is application of upper bound theorem for ideal plastic medium. It can be considered as a first approach of a strict theoretical solution. The comparison of the new solution, shown here, and classical results obtained by L.Prandtl and V. Sokolovskii confirms the acceptance of such approach to solution of the penetration problem. The solution can be used in engineering practice and for teaching purposes.
INTRODUCTION
The problem of penetration of rigid body into deformable medium has a few aspects.
First aspect is a fundamental one: strict theoretical solution of the problem. The exact solution requires integration of systems of partial differential equations. This problem is not simple regardless of the presence of fast computers, which allows to solve a contact or penetration problem.
Second aspect relates to application of the solution to practical needs such as metal forming, fracture of rocks, foundations' constructions. The engineering practice very often requires simple analytical formulas which provide quick estimation of resistance force and penetration depth. Moreover it is very useful for engineering students to learn simple methods which give a good approximation to complicated engineering problems. Students should be able to estimate complicated solution before dealing with integration of full system of differential equations.
SOLUTION OF THE PROBLEM
A plane punch penetrates into deformable medium. The problem is to estimate the resistant force and depth of penetration. The exact solution of the problem is a very complicated and time consuming process. The approach proposed here enables one to find an approximate solution of the problem which provides quite accurate results.
The solution here is based on Lagrange's equation of equilibrium. If incompressible ideal plastic medium is considered then the equation is The determination of limit loads (loads at which the process of deformation begins) is quite a complex problem even though a simple model of an ideal incompressible rigid-plastic material is used. However, two limit theorems on the upper and lower estimates of the limit loads enable the estimation of the limit loads [1] The upper bound can be constructed using the equilibrium equation (1) .
Thus, the problem is reduced to a specification of the velocity field that more accurately describes the kinematics of the process. A more accurate velocity field gives better estimation of limit load. The adequate velocity field can be taken from the results of field experiments or laboratory modelling.
There was an experiment where a flat die penetrated into fine-grained river sand [2] . Black stripes have been made from coloured sand. It had been seen that isolated sliding lines run to the free surface approximately at the angle of . Fig.1 . Experimental study of flat die penetration into sand.
This experiment shows a qualitative picture of the slip lines of the displacement (velocity) field of the particles in medium. It helps us to construct kinematically admissive velocity fields for similar problems.
Such kind of the velocity field, created by a flat die (2 is illustrated by Fig. 2 .
The medium is divided into four zones, with a flow field defined for each zone.
The triangle ABC on Fig.2 moves downwards as a rigid whole entity with the velocity V.
The sector BCD has the radius z (z=BC) and the opening angle All particles in the sector have the same speed and their trajectories follow the arc AC.
The region BDEF moves as a rigid entity in the direction DE with the speed .
The medium to the right of the ACDE is not moving. Constant velocity field satisfies incompressibility condition The conditions of incompressibility of the medium and the requirement of continuity of the normal velocity component at the interfaces make it possible to link the particle velocities in all zones with the speed of the die V.
For simplicity the die is considered to be absolutely smooth, so no work is done along AB.
The incompressibility gives us the relationship or . Fig. 3 . Velocities analysis.
When it coincides with classical result of L.Prandtl [1] Authors of [4] had different solution for Calculations according to the formula (4) for different depths and angles are shown on the Fig. 4 . The graph shows that the solution presented in this paper for is better than result of [4] until depth of 3.5 is reached (last two curves).
Thus the generalisation of classical solutions of contact problems has been obtained.
The simple analytical formula (4) describes the resistant force as a function of depth and angle of the tip. The formula coincides with classical results when the depth of penetration is equal to zero. 
